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How linkage error affects hidden Markov models1: a sensitivity analysis 

 

Abstract: Latent class models (LCM) are increasingly used to estimate and 

correct for classification error in categorical data, without the need for a 

“gold standard”, error-free, data source. To accomplish this, LCMs require 

multiple indicators of the same phenomenon within one data collection wave 

– “latent structure model” – or multiple observations over time on a single 

indicator – “hidden Markov model (HMM)” – and assume that the errors in 

these indicators are conditionally independent. Unfortunately, this “local 

independence” assumption is often unrealistic, untestable, and a source of 

serious bias. Linking independent data sources can solve this problem by 

making the local independence assumption plausible across sources, while 

potentially allowing for local dependence within sources. However, record 

linkage introduces a new problem: the records may be erroneously linked.  

In this paper we investigate the effects of linkage error on HMM estimates of 

employment contract types. Our data come from linking a labor force survey 

to administrative employer records; this linkage yields two indicators per 

time point that are plausibly conditionally independent. Our results indicate 

that false-negative linkage error (exclusion) turns out to be problematic only 

if it is large and highly correlated with the dependent variable. Moreover, 

under many conditions, false-positive linkage error (mislinkage) turns out to 

act as another source of misclassification that the HMM can absorb into the 

error-rate estimates, leaving the latent transition estimates unbiased. In these 

cases, measurement error modeling already accounts for linkage error. Our 

results also indicate where these conditions break down and more complex 

methods would be needed. 
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1. INTRODUCTION  

Survey data, despite survey researchers’ best efforts to prevent them, will always contain 

measurement errors (Alwin 2007, Biemer and Stokes 2004, Kuha and Skinner 1997). Where 

unaccounted for, such errors severely bias estimates of relationships between variables 

(Carroll et al. 2006, Fuller 1987, Kuha and Skinner 1997, Saris and Gallhofer 2007). 

Therefore, it is essential to estimate such errors so their biasing effects can be removed. For 

categorical variables, an attractive method of doing so - without requiring “gold standard” 

validation data that are assumed to be perfect - are latent class models (LCMs) (Biemer 2011, 

Vermunt and Magidson 2002). 

LCMs use repeated indicators of some categorical phenomenon of interest as input, 

while their output consists of estimates of the classification error rates of these indicators, or 

else the “measurement parameters”. These models also provide estimates of the “structural 

parameters”, which measure quantities of scientific interest, such as prevalence of certain 

groups in the population or transitions over time. If the repeated indicators that are used as 

inputs are part of a set of different survey questions intended to measure a single underlying 

latent variable, the LCM becomes a “latent structure model”. When the repeated indicators 

are repetitions of the same question at different time points, a particular variant of an LCM is 

used: the “hidden” (or “latent”) Markov model (HMM) (Alwin 2007, Alwin, Baumgartner, 

and Beattie 2017). In this paper, we focus on the HMM approach that is regularly applied to 

categorical survey data (Biemer 2011, Biemer et al. 2017, Edwards, Berzofsky, and Biemer 

2017).  

The great advantage of LCMs is that all indicators are allowed to contain errors; thus, 

LCMs can estimate the quality of a survey indicator without requiring perfect data to 

compare it to. However, this exciting feature of LCMs does not come cheap: a payment in 

untestable assumptions is required (see e.g. Oberski, Hagenaars, and Saris 2015), and 
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particularly the “local independence” assumption, which requires that the errors in the 

repeated indicators occur independently.  

This local independence assumption is unrealistic, harmful and, when only one 

indicator is available, also undetectable. It is unrealistic, because common method variance - 

i.e. variance attributed to the measurement method as opposed to the constructs the measure 

represents - is typically found in studies able to detect it (Saris and Gallhofer 2007) and 

because it is likely that any personal “style” in answering a survey question carries over time, 

as shown, for instance, by Billiet and Davidov (2008). It is harmful because ignoring it leads 

to bias in classification error estimates (Georgiadis et al. 2003, Qu and Hagdu 2012, 

Torrance‐Rynard and Walter 1997, Vacek 1985).  Finally, it is undetectable with data from a 

single repeated indicator, because the local independence assumption is necessary for model 

identification in this case. While it is possible to detect and model local dependence in LCMs 

(Hagenaars 1988, Oberski 2016), these parameters are only generally identifiable in HMMs if 

a second indicator is obtained at each time point (Hagenaars 1990). Such an indicator should 

then plausibly contain errors that are independent of the errors present in the first indicator. 

 An attractive solution to the problem of local independence is therefore to link the 

survey to external records from administrative registers. Such records can contain 

considerable errors as well (Bakker 2012, Oberski 2017, Oberski et al. 2017, Scholtus, 

Bakker, and Delden 2015). Fortunately, we do not require the linked registers to be error-free, 

but only that register errors are independent of survey errors. With linked survey-register 

data, this indeed seems plausible. This means that, by combining registers and surveys, it 

becomes possible to allow for local dependence within each source. Previous studies have 

done so, and found indeed considerable local dependence (Bassi et al. 2000, Oberski et al. 

2017, Pavlopoulos and Vermunt 2015), confirming both the importance of relaxing this 

assumption and the attractiveness of data linkage.  
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However, while linkage allows us to tackle the problems of measurement error 

modelling, it also introduces a new challenge: linkage error. Again, such errors are known to 

bias estimates of interest when left unaccounted for (Harron et al. 2017). Several estimators 

correcting for linkage errors have been suggested (Lahiri and Larsen, 2005, Chambers 2009, 

Liseo and Tancredi 2011, Goldstein et al. 2012). Some of these estimators assume 

knowledge, for each case, of the posterior probability of correct linkage for all other cases. 

This knowledge is unavailable to most analysts in practice. The remaining solutions, thanks 

to Chambers (2009), do not assume this knowledge, but have only been developed for linear 

regression models. Existing methods can therefore not be used to correct HMMs for linkage 

error. At the same time, such errors may introduce bias into HMM estimates, and little is 

known about the extent of these biases.   

In this paper, we study the extent to which linkage error biases HMM parameter 

estimates. Through a simulation study based on a real data application to linked survey-

register employment records at Statistics Netherlands, we demonstrate the sensitivity of the 

structural (prevalence and transition rate) and measurement (classification error) parameters 

of the model to linkage error. We find that in certain situations, the HMM can absorb the 

error into its measurement model, leading to approximately unbiased structural parameter 

estimates. In other situations, biases in both the measurement and structural parts of the 

model can occur. A novel geometric representation of the latent class estimation problem 

demonstrates why this is the case. 

 Section 2 introduces linkage error and the Hidden Markov Model with multiple 

indicators for linked data. Section 3 presents the data and Section 4 the methodology; in 

section 5 we discuss the results of our analysis. Finally, Section 6 concludes. 
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2. BACKGROUND 

2.1 Record linkage and linkage error 

Record linkage is a process that matches records and attempts to select those matches that 

belong to the same person or unit. The process uses one or more data fields (i.e. linkage 

variables) that contain the same identifying information in all sources (Winkler 1999, 

Armstrong and Mayda 1993). 

There are two main types of record linkage methods- deterministic and probabilistic. 

Deterministic record linkage defines pairs as true matches if the matching variables agree 

exactly in all data sources. It usually relies on a relatively small number of matching variables 

and is most commonly applied in the presence of the same unique identifier in all data 

sources (Blakely and Salmond 2002). Over the last decades, data sources have been 

increasingly lacking high-quality unique identifiers and, therefore, deterministic linkage has 

been gradually replaced by probabilistic linkage (Ariel et al. 2014). 

Probabilistic record linkage tends to use a larger number of matching variables and 

does not require an exact agreement on all of them for a pair to be considered a true match. 

Probabilistic linkage determines the probability of a match being correct and, as such, 

whether it should be regarded as a “true” or “false” match (Armstrong and Mayda 1993, 

Blakely and Salmond 2002, Bohensky et al. 2010, Fellegi and Sunter 1969, Winglee, Valliant 

and Scheuren 2005).  

While record linkage is undoubtedly an important tool that allows combining 

information from various sources, it is also associated with different types of errors. In 

general, linkage errors occur: (I) when due to missing or inaccurate data, some records that 

correspond to the same person or unit are not linked-  a phenomenon referred to a false-

negative linkage error, (II) when as a result of coding or measurement errors, unrelated 
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records are wrongfully linked  – a situation referred to as false-positive linkage error 

(Winglee, Valliant, and Scheuren 2005, Bohensky et al. 2010).  

Record linkage and linkage errors can be formulated using files drawn from two 

populations- file 𝐴 containing 𝑁𝐴 records and file 𝐵 containing 𝑁𝐵  records, and a set 𝐶 

containing record pairs which are the cross-product of files A and B. This set is denoted by 

𝐶 = {(𝑎, 𝑏); 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵}  and the number of records equals to  𝑁 =  𝑁𝐴  ×  𝑁𝐵  (Armstrong 

and Mayda 1993, Sadinle et al. 2011). 

The aim of record linkage is to divide set 𝐶 into two separate sets - one which 

includes true matches (here denoted by 𝑀) and one which includes true non-matches (here 

denoted by 𝑈). This is often done by examining the data contained in files 𝐴 and 𝐵 and 

deciding whether the records certainly belong to the same entity (i.e. are a link, denoted 

by 𝐴1), possibly belong to the same entity (i.e. are a possible link, denoted by 𝐴2) or certainly 

belong to different entities (i.e. are a non-link, denoted by 𝐴3) (Armstrong and Mayda 1993, 

Fellegi and Sunter 1969, Sadinle et al. 2011). 

False-positive and false-negative types of error occur respectively when (1) a record 

pair which belongs to the true non-match set (𝑈) is registered as a link (𝐴1) and (2) when a 

record pair belonging to the true match set (𝑀) is registered as a non-link (𝐴3). Thus, the 

false-positive linkage error can be denoted by 𝑃(𝐴1|𝑈) and false-negative by 𝑃(𝐴3|𝑀) 

(Armstrong and Mayda 1993, Sadinle et al. 2011).  

There are several approaches and frameworks available in the literature to correct for 

the effects of linkage error. Three prominent approaches are those proposed by Lahiri and 

Larsen (2005), Chambers (2009), and Liseo and Tancredi (2011). Lahiri and Larsen (2005) 

propose an M- and U probabilities-weighted linear regression model for linked data, which 

takes into account linkage uncertainty. However, their method relies on the, often unrealistic, 

assumption that the linkage/ mislinkage probabilities of all pairs of records are known. Liseo 
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and Tancredi (2011) propose a Bayesian approach to linkage problems, in which the analysis 

models and linkage models are subsumed into a single latent variable model estimated via 

MCMC. A similar approach, implementing Bayesian imputation conditioned on the linkage 

probabilities, was suggested independently by Goldstein et al. (2012). While the Bayesian 

approach is in principle comprehensive, it shares with the previous approach the drawback 

that full knowledge of the linkage process is required by the analyst, a situation that often 

does not occur in practice for privacy reasons. Finally, Chambers (2009) and Kim and 

Chambers (2012a, 2012b) introduce a bias-corrected ratio estimator, as well as a class of 

weighted estimators for linear regression and logistic regression. Moreover, Chambers (2009) 

suggests replacing the required assumption of perfect information regarding the 

linkage/mislinkage probabilities with a more practicable approximation based on available 

aggregate linkage rates. As detailed in Chambers and Kim (2016), since the weighting 

approach is based on estimating equations, it can in principle be extended to other, more 

complex, classes of models beyond linear and logistic regression. However, Chambers-type 

estimators for HMMs are currently not available.  

To sum up, available methods to account for linkage error are difficult to implement 

for HMMs for practical or technical reasons. Therefore, in this paper we do not attempt to 

introduce a method to correct for such errors in HMMs but focus on the sensitivity, or lack of 

it, of such models to linkage errors. 

2.2 Hidden Markov models: measurement error and linkage error    

Hidden Markov Models (HMMs) are a group of latent class models increasingly used to 

estimate and correct for measurement error in longitudinal categorical data (Biemer 2004, 

2011). In this section, we first present the basic single-indicator HMM, commonly applied 

across the literature; we then extend it by including an additional indicator per time point.  
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 The basic HMM operates under the assumption that, at each time point 𝑡 ∈ {1, … , 𝑇}, 

the observed answer 𝑌𝑡, assumed to follow a multinomial distribution, is generated 

independently with some probability 𝑃(𝑌𝑡|𝑋𝑡) from the true, but unobserved, multinomially 

distributed variable 𝑋𝑡. Because the generation of 𝑌𝑡 is assumed independent of all other 

variables, the T-dimensional distribution 𝑃(𝑌|𝑋) of observed path Y given latent path X, 

factorizes into a product:  

𝑃(𝑌|𝑋) = ∏ 𝑃(𝑌𝑡|𝑋𝑡)

𝑇

𝑡=1

  (1) 

This assumption is known as the “local independence” or “independent categorization error” 

(ICE) assumption. The latent path X, meanwhile, is assumed to follow a Markov or “AR(1)” 

process, 

𝑃(𝑋) =   𝑃(𝑋0) ∏ 𝑃(𝑋𝑡| 𝑋𝑡−1)

𝑇

𝑡=1

   (2) 

Finally, the observed data distribution 𝑃(𝑌) is assumed to arise by combining the ICE and 

hidden Markov assumptions above and marginalizing over X, yielding the marginal 

likelihood 

𝑃HMM(𝑌) = ∑ 𝑃(𝑌|𝑋)𝑃(𝑋)

𝑋

  (3) 

with “structural” parameters 𝑃(𝑋0) and 𝑃(𝑋𝑇| 𝑋𝑇−1) – the initial state and transition 

probabilities – and “measurement parameters” 𝑃(𝑌𝑡|𝑋𝑡) – the probabilities of correct and 

incorrect classification.   

When consistent estimates of 𝑃HMM(𝑌) are observed (i.e. when 𝑌 is ergodic), 

consistent maximum-likelihood estimates can be obtained by maximizing Equation (3) over 

the structural and measurement parameters (Leroux 1992). In practice, instead of the 

exponentially complex summation over all possible latent paths X in Equation (3), the more 
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computationally efficient “forwards-backwards” (Baum-Welch) algorithm is used. This 

amounts to an adapted expectation-maximization (EM) procedure (McLachlan and Krishnan 

2008, pp. 291-2). In the E-step, the posterior P(X|Y) is computed by combining two recursive 

computational steps that each consider only a single time point at a time together with the 

result of their respective previous computations. In the M-step the model’s parameters are 

then computed by summation over states at each time point, weighted by the posterior. Thus, 

the computational complexity of one Baum-Welch iteration is linear in the number of time 

points, rather than exponential, as when using the marginal likelihood (3). The E- and M- 

steps are iterated until convergence.  

In survey research, the single-indicator HMM is attractive for two reasons. First, and 

in contrast with standard latent class analysis, it allows for hidden change over time in the 

true values, 𝑃(𝑋𝑡|𝑋𝑡−1), while simultaneously estimating and accounting for classification 

errors, 𝑃(𝑌𝑡 ≠ 𝑥𝑡|𝑋𝑡 = 𝑥𝑡). Second, its parameters can be identified from panel data on 

single repeated indicators with three or more waves, which are often already collected as part 

of longitudinal surveys or recorded in administrative databases. This identifiability follows 

from the model’s assumptions, specifically the Markov and conditional independence (ICE) 

assumptions.  

However, conditional independence may in practice be an unrealistic assumption. For 

example, several studies (e.g. Saris and Gallhofer 2007) have shown that survey respondents 

have answer tendencies that may persist over time. In administrative databases, records may 

simply get copied, leading to copying of errors as well (Oberski et al. 2017). To model such 

error dependencies and simultaneously estimate classification error in both survey and 

administrative data that measure the same phenomena, Pavlopoulos and Vermunt (2015) 

suggested to link respondents’ survey answers to administrative records. Such linked survey-
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administrative data then allow for the relaxation of the ICE assumption, replacing Equation 

(1) with  

𝑃(𝑌|𝑋) = 𝑃(𝑌survey|𝑋)𝑃(𝑌admin|𝑋) (4) 

where Y now collects the observed processes for both survey and administrative data. 

Pavlopoulos and Vermunt (2015) suggest to further specify the conditional dependence as  

𝑃(𝑌|𝑋) = ∏ 𝑃(𝑌𝑡,survey|𝑋𝑡)

𝑇

𝑡=1

∏ 𝑃(𝑌𝑡,admin|𝑋𝑡, 𝑋𝑡−1, 𝑌𝑡−1,admin)

𝑇

𝑡=1

  (5)  

where 𝑃(𝑌𝑡,admin|𝑋𝑡, 𝑋𝑡−1, 𝑌𝑡−1,admin) is restricted to allow for error copying using a logit 

formulation. In other words, this model allows for error dependence in the administrative 

data, while assuming survey and administrative answers to be conditionally independent. 

Other error dependence structures are also identifiable, including for the survey data. The 

advantages of linkage are thus that (1) both survey and administrative errors can be modelled 

simultaneously, and (2) the ICE assumption can be relaxed in a rather flexible way.  

The disadvantage of linkage, however, is that incorrect linkages may occur. The 

effects of linkage error in general circumstances have been considered extensively in the 

work of Chambers and others, discussed above (Chambers and Kim 2016). This work has 

shown that linkage error can cause bias in analyses of dependencies such as linear and 

logistic regression. It therefore seems plausible that bias would also occur in a multivariate 

method such as HMM, which uses dependencies to estimate its parameters. However, no 

work to date has examined the precise effects of linkage error for multivariate analysis. This 

paper does not aim to examine these effects theoretically or solve the problem of linkage 

error for HMMs. We do, however, note that linkage error can be expected to strongly violate 

HMM assumptions and cause bias only under certain circumstances. Here we provide an 

intuitive explanation of this phenomenon. Appendix A.1 provides a geometric representation 
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of the latent class model (LCM) estimation problem that demonstrates why independent, 

random, linkage errors will largely be absorbed into the measurement part of such models. 

“False-negative” linkage error manifests itself as missing data, and a large literature 

on the effects of various missingness mechanisms on ML estimates already exists (see e.g. 

Little and Rubin 1989, Hagenaars and McCutcheon 2002). “False-positive” linkage errors 

(mislinkages), however, have an entirely different, as yet unstudied, effect on HMMs. We 

will therefore concentrate on the effect of mislinkages here. The simulation study, however, 

investigates the effects of both types of errors.  

Following Lahiri and Larsen (2005), mislinkage manifests as an additional latent class 

variable with two categories corresponding to true matches (M) and non-matches (U). Within 

the class of matches, the HMM holds, while within the class of non-matches an unknown 

process holds. Lahiri and Larsen (2005) assume non-matches follow a distribution in which 

all J observed variables are independent. The observed data distribution is then a mixture of 

the true dependence structure and “randomly shuffled” data: 

𝑃linked(𝑌) = 𝑃(𝑀)𝑃HMM(𝑌|𝜃) + [1 − 𝑃(𝑀)] ∏ 𝑃(𝑌𝑗)

𝐽

𝑗=1

 (6) 

where the HMM likelihood has been written 𝑃HMM(𝑌|𝜃) to emphasize its dependence on the 

model parameters, 𝜃, of interest. Clearly, when fitting the HMM to 𝑃linked, asymptotic bias 

may, in principle, occur whenever there is mislinkage. Intuitively however, unless the 

mixture 𝑃linked induces additional dependence beyond that found in 𝑃HMM, its effect is to 

increase random measurement error in each 𝑌𝑗. Since the HMM is intended to capture such 

errors and correct for them, one might expect that the increased error rates are reflected in the 

measurement part of the model which describes P(Y|X) but not necessarily in the structural 

model describing P(X). Appendix A.1 argues geometrically that, when the linkage error is 

independent of Y, this intuition will hold approximately. In particular, we show that the 
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maximum likelihood solution for the “structural” parameter indicating class size, 𝜋, is 

approximately unaffected by independent linkage error. In the following sections, a 

simulation study investigates the extent to which this result holds in an HMM. 

3. DATA 

The dataset used in our analysis contains data from the Dutch Labor Force Survey (LFS) and 

the Employment Register (ER), which have been linked using each citizen’s unique 

identification number. In this paper, we assume this process does not involve linkage error, 

and simulate the effect of linkage error by artificially introducing false negative and false 

positive linkages into this dataset.  

Our sample consists of 15 months’ observations on 8,886 LFS respondents aged 25 to 

55 who first participated in the survey in 2009. This results in a total sample size of 133,290 

observations. The employment register is observed on a monthly basis while the LFS is taken 

every three months and consists of five waves. The main variable of interest in our analysis is 

an individual’s employment contract type for their primary job: {“permanent contract”, 

“temporary contract”, “other”}.   

 
Figure 1. Hidden Markov Model graph. Rectangles are observed variables, while ovals are latent "true" variables.  

Absence of arrows indicates conditional independence. 

4. METHODOLOGY 

4.1.  Model 

Our approach consists of a simulation analysis in which we make use of a two-indicator 

HMM, where one of the indicators is the individual’s contract type according to the LFS and 



How linkage error affects Hidden Markov Models: a sensitivity analysis 

13 

 

the second is the contract type according to the ER. While the model could be extended 

further following Pavlopoulos and Vermunt (2015) and Pankowska et al. (2017), our 

simulations are based on a simplified model which retains the local independence assumption 

(see Figure 1), specifying Equation (4) as 

𝑃(𝑌𝑡|𝑋𝑡) = 𝑃(𝑌survey,t|𝑋𝑡)𝑃(𝑌admin,t|𝑋𝑡)     (7) 

Figure 1 illustrates our model as a graph. Because the survey has been administered once 

every quarter, while monthly measures are available from the administrative database, the 

survey is missing at timepoints t - 1 and t – 2. Estimation with missing data proceeds using 

full-information maximum likelihood (Vermunt and Magidson 2013). 

We apply the model to different conditions in which various types of either false-

negative or false-positive linkage errors are introduced into the original dataset. A summary 

of the simulation setup is provided as a tree graph in Figure 2.   

 

Figure 2. Conditions of the simulation study. 

We consider conditions in which individuals are either randomly selected to be mislinked 

and/or excluded versus conditions in which the probabilities of linkage error depend on 

covariates mildly or strongly correlated with the model estimates. We also consider different 

error rates. Our setup allows for the investigation of the biasing effects of the error under 

varying degrees of severity. Each condition is replicated 200 times. We investigate the bias 

introduced by the error by comparing the obtained transition rates from temporary to 
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permanent employment to the transition rates estimated using the original linked dataset. To 

simulate linkage error, we use the R version 3.2.3. The HMM is estimated using Latent 

GOLD version 4.5. Our code is available as an online appendix to this paper. 

4.2. False-negative error simulations 

When investigating the effect of false-negative linkage error on the accuracy of our model 

estimates, we consider two conditions in which the individuals’ probabilities of exclusion are 

correlated with (I) age2 and (II) the presence of a (3-monthly) transition from temporary to 

permanent employment in the register data3. A condition in which the missingness is MCAR 

(missing completely at random) has been omitted. Within each condition, we simulate three 

sub-conditions in which we introduce high (20%), medium (10%) and low (5%) overall 

exclusion error into our data; this error is equal to the proportion of correctly linked 

individuals in the data that are erroneously excluded from it. 

For the age-dependent conditions, the correlations are such that the exclusion 

probabilities of younger individuals are higher than those of older individuals; for the 

transition-dependent conditions, the probabilities of those individuals who transitioned 

according to the register data are higher than those of the individuals who did not. These 

specifications are motivated by the fact that both young individuals and those who 

transitioned would tend to have higher residential and employment mobility and are thus 

more susceptible to linkage error.  

To assure that the conditions indeed represent varying levels of severity, the 

simulation is also designed in such a way that as we move from conditions with lower levels 

of exclusion error to conditions with higher ones, the oversampling of young individuals or 

                                                 
2 Pankowska et al. (2017) in their analysis of the same data used an extended version of the HMM we use in this 

paper. Their model, among other things, accounted for effect of age on the latent transitions probabilities. Their 

results showed that age has a moderate, negative effect on the probability of transitioning from temporary to 

permanent employment (logit coefficient= -0.3 over the range of the covariate) 
3 According to our model, over 99% of all contracts observed in ER are correctly classified and, therefore, the 

correlation between the transition covariate we have created and the model estimates is highly reliable. 
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those who transitioned becomes more extreme (i.e. their individual exclusion probabilities 

increase). To illustrate, the exclusion probability of young individuals (aged 25 to 34) is set to 

0.15, 0.30 and 0.70 when the overall exclusion rate is low (5%), medium (10%) and high 

(20%), respectively; the exclusion probability of older individuals (aged 35 to 54) equals to 

0.01 in all three cases.  

Thus, a higher level of false-negative linkage error not only indicates that a larger 

proportion of individuals is excluded from the sample, but it also implies that the remaining 

sample is less representative of the overall population in terms of characteristics that are 

correlated with the transition rates estimated by the model. As those covariates are not 

controlled for when estimating the HMM, these simulated datasets are equivalent to a dataset 

containing data missing not at random (MNAR). 

Overall, the simulations consist of three steps. First, the exclusion rate and the 

individual exclusion probabilities are set; then individuals are excluded from the sample with 

a probability that equals the condition’s exclusion probability. Finally, the HMM is fitted to 

the resultant subsample and the estimates are compared to those obtained when using the full 

sample. As an illustration, Appendix A.3.1 provides pseudocode generating one condition. 

4.3. False-positive error simulations 

The analysis of the false-positive linkage error, similarly to that of the false-negative, also 

follows 3 steps. Note that here, unlike in the false-negative example (whereby individuals are 

merely excluded from the sample), a proportion of the sample is mislinked with another set of 

individuals. This adds a further complication to the simulation design, as a donor is required 

whose ER contract type can be (erroneously) linked to a given individual’s LFS contract 

information. As in the false-negative error conditions, the first step determines the overall 

level of mislinkage (5%, 10% or 20%) and the individual probabilities of an erroneous link 

(which are either assigned at random or are age- or transition- dependent).  
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In the second step, the false-positive error is simulated in the following way: a 

number of individuals is selected at random according to the aforementioned design. Each of 

those individuals, here referred to as individual A, is either (i) randomly matched to another 

person or (ii) matched to a similar person based on age, gender, education level and ethnicity. 

The register values of individual A for the contract type are replaced with those of the 

matched individual (i.e. the donor), here referred to as individual B. 

The second set of conditions, whereby relatively similar individuals are matched, is 

introduced to approximate a more realistic linkage error condition that is more representative 

of actual potential mismatches.  

The third and final step of the simulation analysis is parallel to that of the exclusion 

error. Each of the simulated datasets is fitted to our HMM and the outcomes of these models 

are compared to the results obtained when using the original dataset. Pseudocode illustrating 

the simulation setup for one of the conditions is included in Appendix A.3.2. 

5. RESULTS 

5.1.  The effect of false-negative error  

The simulation results obtained for the various false-negative error conditions are shown in 

Table 1 and Figure 3. Table 1 presents the mean estimated 3-monthly transition rates as well 

as the absolute and relative bias introduced by linkage error. These biases are estimated by 

comparing the obtained transition rates to those calculated using the original dataset. Figure 3 

provides an illustration of the relationship between the type (age or transition dependent), 

level (5%, 10%, 20%) and bias introduced by linkage error.  

The results show that when the exclusion probability depends on age, the relative bias 

introduced by false-negative linkage error does not exceed 5% and, therefore, can be 

considered negligible. Thus, it appears that when the exclusion probability depends on a 
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covariate that is weakly or moderately correlated with the model estimates, the bias in the 

model estimates is marginal, even when the overall exclusion rate is rather high (e.g. 20%).  

A largely different picture emerges when the exclusion probability depends on 

whether a transition occurred. Namely, our results show that the employment transition rates 

in this set of conditions are heavily underestimated leading to a substantial, non-negligible 

bias. In relative terms, the bias ranges from 10.6%, for an overall linkage error of 5%, to 

25%, when the linkage error amounts to 10%, and to as high as 84.3% when the error rate 

equals 20%. As this covariate is highly correlated with the model estimates, we can infer 

from these results that conditions characterized by substantial dependency between the error 

and model outcomes will result in non-ignorable bias.  

Overall, the results obtained suggest that the extended, two-indicator HHM is mainly 

sensitive to false-negative linkage error in rather extreme situations. That is, we only obtain 

non-ignorable bias in our (structural) model estimates when the individual-level exclusion 

probabilities depend on a covariate that is very highly correlated with the latent variable and 

consequently the model outcomes. In other, less extreme situations, the bias is relatively 

small and thus the HMM estimates can be considered accurate. 

Finally, it is worthwhile noting that our false-negative linkage error analysis can be 

viewed as a form of complete case analysis with varying degrees of missingness; our two 

specific sets of conditions mimic MNAR: first, where the exclusion probabilities are 

dependent on a variable which is moderately correlated with the model estimates; and second, 

where the probabilities are dependent on a variable exceptionally highly correlated with the 

model estimates. The former represents a more realistic scenario whereby the latter, while 

could occur in theory, is considered rather extreme. Our findings confirm this line of thought. 

More specifically, our results, similarly to the ones reported by studies investigating 

missingness specifically, show that MNAR leads to substantial bias when the missingness is 
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highly correlated with model estimates (Bakker and Daas 2012; Galimard et al. 2016; 

Marshall et al. 2010). 

Table 1.  Simulation results- false-negative linkage error 
Error type Condition: the 

probability of 

being excluded 

Overall 

error 

(approx.) 

High 

exclusion 

probability 

Low 

exclusion 

probability 

Temporary to permanent transition rate 

Transition 

rate 

Absolute 

bias 

Relative bias 

(%) 

No error Original HMM 0 - - 0.069 - - 

False-

negative 

Depends on age 0.05 0.15 0.01 0.066 0.003 4.6% 

0.10 0.30 0.01 0.067 0.002 3.2% 

0.20 0.70 0.01 0.066 0.003 3.8% 

Depends on 

transition 

0.05 0.15 0.05 0.062 0.007 10.6% 

0.10 0.34 0.09 0.052 0.017 25.0% 

0.20 0.90 0.17 0.011 0.058 84.3% 
1 In the age- dependent conditions, high exclusion probability was set for young individuals and low for older ones; in the transition- 

dependent conditions, high exclusion probability was set for individuals who had a transition and low for those who did not. 
2 The transition rates are estimated based on the modal class memberships (i.e. at each time point individuals are assigned the 

contract type to which they have the highest posterior probability of belonging according to the model); as the entropy R2 is above 

0.99 for all conditions, such an assignment is not expected to produce different results from an assignment which takes the 

uncertainty of class memberships into account.  

 

Figure 3.  Relative bias by overall level of false-negative linkage error. 

5.2. The effect of false-positive error  

The results obtained when simulating various levels and types of false-positive linkage error 

are presented in Table 2 and Figure 4. As can be seen, the bias introduced by false-positive 

linkage error is rather modest for the conditions where the mislinkage probability is either 
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random or depends on age. In contrast, those conditions in which the probability of 

mislinkage depends on whether a transition occurred are characterized by high, non-

negligible bias. These findings are consistent for both the conditions in which an individual is 

mislinked with a randomly selected donor and where the individual is mislinked with a donor 

similar to them with regards to age, gender, education and ethnicity.  

More specifically, the first two sets of conditions, regardless of whether the individual 

is mislinked with a random or a similar donor, lead to a relative bias of less than 5%. On the 

other hand, those conditions in which the mislinkage probability depends on the presence of a 

transition result in a relative bias of around 10%, 20-25% and (well) over 60% when the 

mislinkage rate is low, medium and high respectively. Figure 4 shows a clear positive 

relationship between the transition- dependent mislinkage level and the bias in the model 

estimates. This relationship is not observed for the other two sets of conditions.  

Table 2. Simulation results- false-positive linkage error 

Error type Condition: the 

probability of 

being mislinked 

Overall 

error 

(approx.) 

High 

exclusion 

probability 

Low 

exclusion 

probability 

Temporary to permanent transition rate 

Transition 

rate 

Absolute 

bias 

Relative bias 

(%) 

No error Original HMM 0 - - 0.069 - - 

False-

positive; 

mislinkage 

with 

random 

donor 

Random  

0.05 - - 0.069 0.000 0.0% 

0.10 - - 0.069 0.000 0.3% 

0.20 - - 0.068 0.001 0.9% 

Depends on age 

0.05 0.15 0.01 0.069 0.000 0.3% 

0.10 0.30 0.01 0.068 0.001 1.2% 

0.20 0.70 0.01 0.067 0.002 2.6% 

Depends on 

transition 

0.05 0.15 0.05 0.064 0.005 7.8% 

0.10 0.34 0.09 0.055 0.014 20.7% 

0.20 0.90 0.17 0.024 0.045 64.6% 

False-

positive; 

mislinkage 

with 

similar 

donor  

Random  

0.05 - - 0.067 0.002 3.1% 

0.10 - - 0.067 0.002 3.2% 

0.20 - - 0.066 0.003 4.9% 

Depends on 

transition 

0.05 0.15 0.05 0.061 0.008 11.5% 

0.10 0.34 0.09 0.051 0.018 26.6% 

  0.20 0.90 0.17 0.012 0.057 82.6% 
1 In the age- dependent conditions, high exclusion probability was set for young individuals and low for older ones; in the transition- 

dependent conditions, high exclusion probability was set for individuals who had a transition and low for those who did not. 
2 The results from the random and age- based mislinkage, when individuals are mislinked with random donors, were very similar 

and therefore when individuals were mislinked with similar donors the age- based set of conditions was omitted. 
3 The differences in the bias obtained when using random and similar donors might be due to the fact that the StatMatch R package 

used to match donors does not allow for missing values on the covariates and, thus, the analysis was run on a smaller sample. 
4 The transition rates are estimated based on the modal class memberships (i.e. at each time point individuals are assigned the 

contract type to which they have the highest posterior probability of belonging according to the model); as the entropy R2 is above 

0.99 for all conditions, such an assignment is not expected to produce different results from an assignment which takes the 

uncertainty of class memberships into account. 
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Figure 4.  Relative bias by overall level of false-positive linkage error. 

Figure 5 examines how mislinkage affects the measurement part of the model; i.e. it 

shows the effect of linkage error on the proportion of measurement error in our main variable 
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of interest- i.e. the individual’s contract type. As can be seen, as we increase the mislinkage 

rate, the misclassification rate moves in tandem; this is particularly visible for the LFS data4. 

These results confirm our intuition and suggest that under many conditions false- positive 

linkage error is simply another source of misclassification that the HMM can absorb into the 

error rate estimates and corrects for in the transition rates estimates.   

ER                  LFS 
Random 

 

 

 

  

 

Dependent on age 

 

 

 

 

 

Dependent on transition 

 

 

 

 

 

 

 

 

                                                 
4 This pattern is not observed in the ER data as the simplified HMM we use does not account for autocorrelation 

of the error in these data. As measurement error in the ER is predominantly systematic, the model fails to capture 

it altogether and assumes the register data to be virtually error-free.  

Figure 5. Level of measurement error by type and level of mislinkage. 
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6. CONCLUSION AND DISCUSSION 

Latent Class Models (LCMs) have been increasingly used to correct for measurement error in 

categorical variables. A particularly useful group of LCMs are hidden Markov models 

(HMMs), as they can be applied to longitudinal data, and thus allow studying transitions and 

change over time, a quantity which is often of interest in the social sciences. However, while 

HMMs are an appealing and useful tool, they rely on the (often unrealistic) local 

independence assumption. An attractive solution that allows the local independence 

assumption to be relaxed, is linking data from independent sources. Such record linkage 

identifies HMMs with local dependence within sources while maintaining the independence 

assumption across sources. However, this approach introduces a new challenge: linkage error. 

We investigated the sensitivity of HMM estimates to linkage error. A geometric 

argument demonstrated that independent (false-positive) linkage error is largely absorbed by 

measurement parameters of latent class models. Dependent linkage errors, however, can be 

expected to strongly bias structural model parameters such as the class size in an LCM. Our 

simulation study further investigated this effect for HMMs based on an existing application to 

linked data on employment mobility.  

Our results suggest that linkage error may not always be a problem for researchers 

who wish to apply Hidden Markov Models for the purpose of estimating its structural 

parameters, such as transition rates. When individuals are randomly mislinked or non-linked, 

the resulting bias in structural parameters was often negligible in our study, a result that 

confirms the geometric intuition relevant to LCMs. Linkage error led to strong bias only 

when the individual probability of being erroneously excluded or mislinked depended on the 

transition rate. The bias was particularly high for high rates of linkage error and when the 

aforementioned dependency was very strong. The sensitivity of estimates of structural 

parameters to mislinkage therefore appears relatively low.  
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Our results show that false-positive linkage error can often be absorbed by the model. 

In other words, mislinkage often manifests itself as random measurement error that is already 

corrected for by the model – unless the linkage error probability is strongly dependent. 

Despite this important caveat, we believe that our findings highlight the attractiveness of 

HMMs to correct for measurement error in structural parameter estimates, since they allow 

the use of linked data with relatively low sensitivity to linkage error. This is especially 

appealing as the methods available to correct for linkage error often cannot be easily applied 

in this context.  

A disadvantage of our findings is that, since linkage error may be absorbed into 

measurement error parameters, these parameters no longer give “pure” estimates of 

measurement error. In other words, when the measurement, not structural, parameters are of 

primary interest (e.g. Biemer 2011), our results suggest linkage and measurement error will 

be partially conflated. Considering the increasing use of HMMs for this goal, future work 

should therefore develop methods to correct latent variable model estimates for linkage error, 

perhaps by extending the estimating equations approach discussed in Chambers and Kim 

(2016).  
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Appendix A.1. Fitting of a latent class model to data with independent linkage error- a 

geometric argument 

Jones et al. (2010) adapted the geometric approach of Fienberg and Gilbert (1970) to the 

analysis of cross-tables, in order to depict maximum likelihood estimation of the 

measurement parameters and the structural parameter 𝜋 in a three-indicator LCM. Here we 

demonstrate how these estimates are affected by independent linkage error. In the Fienberg 

and Gilbert (1970) approach, all possible normalized 2×2 cross-tables are placed in a 

tetrahedron representing the simplex {𝑥 ∈ 𝑅4 : ∑ 𝑥𝑖 = 1} (Figure A.1). The four corners of 

this tetrahedron, 𝐴1, 𝐴2, 𝐴3 and 𝐴4, correspond to cross-tables with all probability mass in a 

single cell; all other 2×2 cross-tables can be represented as a single point within the 

tetrahedron. An important subset of tables is the “independence surface” formed by all 2×2 

independence tables, which is shown in Figure A.1 as the coloured surface. Points along a 

line on this surface correspond to all independence tables with constant row or column 

margins. 

 

 

 

 

 

 

 

 

 

 

Figure A.1.  Geometrical view of fitting of a latent class model to data with independent linkage error. 
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Following Jones et al. (2010), we consider a binary latent class model with three 

binary indicators 𝑌1, 𝑌2, and 𝑌3. Without loss of generality, we consider the bivariate cross-

table of 𝑌1 and 𝑌2 given 𝑌3 = 0 (point 𝑝0) 𝑌3 = 1  (point  𝑝1). The MLE of 𝜂0 and 𝜂1 is then 

found at the two intersections of the “solution line” 𝑝1 − 𝑝0 with the independence surface. 

This follows from the fact that 𝑝0 and 𝑝1 are both convex combinations of 𝜂0 and 𝜂1, which, 

by conditional independence given the latent class variable, must lie on the independence 

surface. The MLE of P(X|𝑌3 = 0) is then found as 1 − length(𝑝0 − 𝜂0)/length(η1 − 𝜂0) and 

similarly, P̂(X|𝑌3 = 1) =  1 − length(𝑝1 − 𝜂1)/length(η1 − 𝜂0), implying the MLE for 𝜋 can 

be found by applying Bayes’ rule (Jones et al. 2010). Note that the length of the line segment 

η1 − 𝜂0 indicates the overall accuracy; as η0 and η1 differ more, the accuracy increases, with 

its maximum attained at the corners of the tetrahedron (sensitivity and specificity equal to 

one).  

We now consider how the MLEs are affected by independent linkage error. When 

linkage error is independent, P(Y|U)  =  P(Y), the 𝑃(𝑌𝑗) in the equation above reduce to the 

marginals under the model, 𝑃(𝑌𝑗) = ∑ 𝑃HMM(𝑌)𝑦𝑘≠𝑗
. This point, 𝑝𝑈 in Figure A.1, can be 

found by projecting the marginal over 𝑌3, point 𝑝, onto the independence surface along the 

line perpendicular to 𝐴1𝐴2 and 𝐴2𝐴3 (Fienberg and Gilbert 1970, p. 699). The linkage error 

model adapted from Lahiri & Larsen (2005) in Equation (6) then shows that the joint 

distribution under linkage error is a convex combination of 𝑝𝑈 and the original joint 

distribution. That is, under independent linkage error, 𝑝0 and 𝑝1 are “shrunk” towards 𝑝𝑈 by 

exactly 𝑃(𝑈). Therefore, when linkage error is independent, the observed data points 𝑝0
∗ and 

𝑝1
∗ lie on a solution line parallel to the original solution line, with length (𝑝∗ − 𝑝)/length (𝑝 −

𝑝𝑈) = 𝑃(𝑈).  

Similarly, the “true” measurement parameters η0
∗  and η1

∗  are also convex 

combinations with 𝑝𝑈, as shown in Figure A.1 by points on the line segments 𝜂0 − 𝑝𝑈 and 
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𝜂1 − 𝑝𝑈. Thus, under independence, 𝜂0
∗  and 𝜂1

∗ must move closer to 𝑝𝑈 and away from the 

corners of the tetrahedron that represent perfect measurement, shortening the overall length 

of the solution line. In other words, independent linkage error necessarily leads to higher 

classification errors. The MLEs of these measurement parameters, 𝜂0
∗∗ and 𝜂0

∗∗, meanwhile, 

are found by projecting the solution line, not onto 𝜂0 − 𝑝𝑈 and 𝜂1 − 𝑝𝑈, but rather onto the 

independence surface. The distances length(𝜂0
∗ − 𝜂0

∗∗) and length(𝜂1
∗ − 𝜂1

∗∗) reflect violations 

of the LCM’s conditional independence assumption. Therefore, linkage error does cause 

violations of the model’s assumptions. However, as can be seen in Figure A.1, these 

violations will be negligible in practice, and the bias is bounded by a small number (relative 

to the solution line) that depends on P(U). In short, independent linkage errors are absorbed 

by the measurement parameters, leaving the structural parameters approximately unaffected. 

In contrast, bias will be strong when linkage error is not independent, P(Y|U)  ≠

 P(Y). In this case, the new point may lie anywhere on the independence surface, destroying 

the parallel property of the new solution line. In this case, none of the previous results apply, 

and the bias in both measurement and structural parameters can be arbitrarily large.  

Finally, we have assumed that the mislinked records have an independent joint 

distribution. When this assumption does not hold, the projection 𝑝𝑈 should be replaced by a 

projection, 𝑝𝑈,dep, say, onto a “dependence surface” defined by a constant odds ratio 

(Fienberg and Gilbert 1970, pp. 699-701). Because of independence of linkage errors, the 

projection will still be orthogonal to 𝐴1𝐴2 and 𝐴2𝐴3. In this situation, the length of the 

solution line will still be reduced and classification errors will rise. However, the distance 

from the “true” interpolation between 𝑝𝑈
∗  and 𝜂 to the corresponding projection onto the 

independence surface may increase. In other words, in this situation, depending on the 

strength of the dependence 𝑝𝑈
∗ , some non-negligible bias in the MLE of 𝜋 may start occur. In 
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particular, for positive dependence (odds ratio > 1), 𝜋 will be somewhat underestimated 

(overestimated for negative dependence).   

In this appendix, we have indicated the consequences of linkage error for latent class 

analysis, and argued that independent linkage errors lead to a relatively small violation of the 

LCM’s assumptions. Although we have not shown this here, we conjecture that the argument 

extends to higher-dimensional and multiple category problems, such as the HMM. We have 

also seen that dependence of linkage errors has more potential to cause bias than dependence 

in the mislinked records. Our paper investigates these conjectures using a simulation study. 

Appendix A.2. The combined LFS and ER dataset 

A.2.1 Background information on the LFS and ER 

The LFS is an address-based sampling survey conducted by Statistics Netherlands which 

provides information on individuals’ labour market position. As of the last quarter of 1999, it 

has been a rotating panel survey which consists of five waves conducted every 3 months.   

The ER is an administrative dataset managed by the Dutch Employee Insurance 

Agency (UWV). It contains monthly information on wages, benefits, and labour relations and 

covers all insured employees in the Netherlands. While the dataset combines information 

from various sources, the core information is delivered by employers to the Dutch Tax 

Authorities (in Dutch: Belastingdienst) for tax purposes. The data from both the LFS and the 

ER are linked at the individual level to the Population Register (PR) and so the target 

population of the data is restricted to individuals registered in the Netherlands. 

A.2.2 Missing values  

The dataset is unbalanced for the LFS as it suffers from attrition and has, for the non-survey 

months, observations missing completely at random (MCAR). More specifically, the first 

wave of the survey includes 8,708 individuals (130,620 observations), the second 7,458 

(111,870 observations), the third 6,856 (102,840 observations), the fourth 6,739 (101,085 
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observations) and the fifth 6,560 (98,400 observations). While ostensibly the ER cannot 

suffer from drop-out as all employers are obliged by law to submit their reports, 2,619 

observations are missing which amounts to just under 2% of the sample. Those observations 

are also assumed to be MCAR. 

A.2.3 Record linkage procedure 

The data from both sources are linked at the individual level to the PR. For the LFS, the 

linkage key is the combination of birth date, gender, postal code, and house number. In the 

first step, two records are linked if the post code and house number correspond and only one 

of the other variables of the linkage key differ. In the second step, the remaining, unlinked 

records are linked on postal code, birth date and gender and no differences on the other 

variables are allowed. This results in a linkage effectiveness, i.e. the percentage of linked 

records, of 98.3% for those who had a first interview in 2009.  

The ER is linked to the PR in four steps; the procedure is repeated monthly and one-

to-one matching is enforced. In the first step, the records from both sources are linked on the 

Citizen Service Number (BSN; a unique personal number allocated to everyone registered in 

the Netherlands). For those records that are linked in this step, it is verified whether birth date 

and gender are consistent in both data sources. If not, the records go to the next step together 

with those that were not linked on BSN. In the second step, the data are linked using birth 

date, gender, postal code and house number. In the third step, the remaining unlinked records 

from the first two steps are linked using only the BSN and ignoring any differences in the 

other variables. This procedure is repeated monthly. The overall linkage effectiveness is 

approximately 96-97%, depending on the chosen month; 99.8% of all linked records are 

successfully linked in the first step.  

The linkage to the Population Register results in the assignment of a meaningless 

linkage number to each linked record of both sources. That linkage number can be used to 
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combine the LFS and ER as well as the data from the successive follow ups. Having selected 

only individuals aged 25-55, the linkage effectiveness of the combined sources is 

approximately 97%. The unlinked records refer to cross-border workers from Belgium, 

Germany that belong to the target population of the ER but not the LFS as well as to non-

registered individuals (typically immigrants) that are represented in the LFS but not in the 

ER. Therefore, when focusing on the population of registered individuals that reside in the 

Netherlands the linkage of the two data sources of our dataset approaches perfection.  
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Appendix A.3. Simulation design  

Both pseudocodes illustrate conditions characterized by an overall 5% error rate and in which 

individuals who have transitioned (from temporary to permanent employment according to 

the register data) are oversampled.  

A.3.1 Pseudocode for a false-negative linkage error condition 

Step 1 

1. Identify individuals who have had one or more three-monthly transitions:       

𝑇𝑒𝑚𝑝 𝑡−3 →  𝑃𝑒𝑟𝑚 𝑡 

2. If a given individual has had a transition, set their exclusion threshold 𝑡 to .15 

a. Else, assign threshold t to .05 

Step 2 

3. For each individual in the sample, draw a random number from a standard 

uniform distribution -   𝑈𝑖 ~  U(0,1) 

4. If 𝑈𝑖  ≤ t , exclude individual 𝑖  

a. Else, do not exclude individual 𝑖 

Step 3 

5. Run the HMM on this new dataset and compare the results to the original ones 

A.3.2 Pseudocode for a false-positive linkage error condition 

Step 1 

1. Identify individuals who have had 1 or more three-monthly transitions:   

𝑇𝑒𝑚𝑝 𝑡−3 →  𝑃𝑒𝑟𝑚 𝑡 

2. If a given individual has had a transition, assign mislinkage threshold 𝑡 as .15 

a. Else, assign threshold t as .05 

Step 2 
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3. For each individual in the sample, draw a random number from a standard 

uniform distribution -  𝑈𝑖 ~  U(0,1) 

4. If 𝑈𝑖  ≤ t, mislink individual 𝑖  

a. Else, do not mislink individual 𝑖  

If the donor is random:  

5. Assign to the linkage recipient the ER contract type of a randomly chosen 

individual 

If the donor is based on characteristics: 

5. a. Use R’s matchit package to perform statistical matching based on age, gender, 

nationality, and education  

b. Assign to the linkage recipient the ER contract type of the matched individual  

Step 3 

6. Run the HMM on this mislinked data and compare the results to the original ones  

 


